Several symmetry problems are discussed. These include the Pompeiu problem and similar conjectures for the heat and wave equations.
Introduction
There is a large literature on symmetry problems for PDE, in particular, for the Helmholtz equation. The most well-known and still open problems are the Pompeiu problem and Schiffer's conjecture, which are stated below. In this paper some old and new conjectures are formulated. One of them, Conjecture A, is proved under assumption that Conjecture P holds. An old conjecture H is proved. It is proved that if a solution u to Helmholtz equation in a domain D, homeomorphic to a ball, is spherically symmetric in some ball B(x 0 , a) ⊂ D, centered at a point x 0 ∈ D of radius a > 0, and u| ∂D = const, then D is a ball (Lemma 1). An analog of Conjecture P is proved (Lemma 2). A symmetry question related to a wave equation, is discussed.
Let us call the Pompeiu problem (in the form we state it) Conjecture P. Historically Pompeiu has published a wrong result, not the one which is stated below as Conjecture P (see, e.g. [2] , [4] ).
Conjecture P: Consider a bounded domain D ⊂ R n , n = 3, homeomorphic to a ball, with a smooth boundary Γ, and let N be the outer unit normal to Γ. Assume that k 2 > 0 and c = 0 are constants, and the problem:
is solvable. Then D is a ball.
Below we always assume that D and Γ satisfy the assumptions stated in Conjecture P, and that the following assumption holds:
A closed smooth surface S is homeomorphic to a sphere and lies inside D. We do not repeat the above assumptions. The usual formulation of the Pompeiu problem is the following ( see, e.g., [2] , [4] ): Pompeiu problem: Assume the solvability of the following overdetermined problem:
Then D is a ball. This formulation is equivalent to Conjecture P. Indeed, let v = u + k −2 . Then u satisfies (1.1) and (1.2), and c = −k −2 . The Schiffer's conjecture is: Conjecture S: If equation (1.1) has a solution which satisfies the following conditions: 
Assume that all the isothermic surfaces S γ do not depend on time
This conjecture is stated in [1] , p. 250. The parameter γ ∈ (0, 1] is chosen so that S 1 = Γ, and at γ = 0 the surface S γ degenerates into a point. One can write:
where f γ does not depend on x ∈ S γ . If γ < ν, then we assume that D γ ⊂ D ν , where the boundary of D γ is S γ .
Another conjecture is formulated in [1] , p.250. It reads: "A thin elastic membrane of uniform areal density is stretched to a uniform tension and is fixed at the boundary Γ, which is a simple closed curve. It is conjectured that if there is a solution to the wave equation u tt = ∇ 2 u such that ∇u vanishes along some simple closed curve S within or on Γ, then the drum (that is, the domain D with boundary Γ) is a circular one."
The following is not clear in the above formulation: a) Does ∇u vanish on S at all times or just at some moment of time? b) What does it mean that u is fixed at Γ? Does it mean that u| Γ = 0 or that u| Γ = φ(s), where φ(s), s ∈ Γ, is a given function? c) What are the initial conditions for u? If the initial conditions or φ(s), s ∈ Γ, are arbitrary, then one cannot hope that ∇u| S = 0. Probably, the authors of [1] , p.250, had in mind a solution of the type u = sin(kt)
in the three-dimensional case, for which ∇u = 0 on the spheres, centered at the origin, with radii which are positive roots of the equation tan(kr) = kr. This u does not satisfy the zero initial condition u t = 0 at t = 0, and its value on the boundary depends on t, so it is not fixed.
Let us consider the solution to the wave equation
, which satisfies the zero initial conditions u = u t = 0 at t = 0, and the boundary condition u| Γ = c, where c = const = 0.
Note that if c = 0, then u = 0, and no conclusions about the shape of the drum is possible.
One may write the solution to the above problem (with c = 1 for definiteness), in the form:
where φ j (x) are the eigenfunctions of the Dirichlet Laplacian in D:
Let us formulate a question W, where W stands for the wave equation.
where f is a continuous bounded function. Question W:
If (1.4) holds for all t > 0, where S does not depend on t > 0, does it follow that D is a ball ?
The following lemma will be used in Section 2: In Section 2 we prove Lemma 1 and Conjecture H. We also prove Conjecture A assuming that Conjecture P is true. We discuss question W and show that the zero initial conditions in (1.7) are not compatible with the assumption (1.4) if S in (1.4) is assumed independent of time. where c j are constants and the series (2.1) converges in some disc r < ǫ. Substitute (2. 2 Proof of Conjecture H. Take the Laplace transform of (1.5) and get:
where U := U(x, p) := ∞ 0 u(x, t)e −pt dt. Since (by the assumption) all the isothermic surfaces S γ do not depend on time, and F γ does not depend on x ∈ S γ , one concludes from the last equation in (2.2) that This Lemma looks similar to Conjecture P, but the crucial difference is in the sign of the coefficients in front of the unknown function: this coefficient is k 2 > 0 in (1.1) and it is −p < 0 in Lemma 2. Because of this difference we can prove Lemma 2, while Conjecture P is still open.
Proof of Lemma 2 is based on the arguments similar to the ones given in [5] , pp. 306-309, and [3] . We prove Lemma 2 at the end of this paper for convenience of the reader.
Discussion of Question W.
Taking the Laplace transform of (1.7) yields:
The equation 
′ by the maximum principle.
This principle implies that U attains its positive maximum on Γ. Otherwise at a point x 0 ∈ D, at which U attains its positive maximum, one has ∇ 2 U(x 0 ) ≤ 0 and −pU(x 0 ) < 0, which contradicts differential equation (2.2) . One can also see that U ≥ 0 in D: if there is a point x 1 ∈ D, such that U(x 1 ) < 0, then there is a point x 0 ∈ D of negative minimum of U, and this contradicts equation ( This contradiction shows that D 2 = D \ D 1 , so that P is a symmetry plane for D. Thus D is a ball. This completes the discussion of the second situation.
Lemma 2 is proved. 2
